is an open access repository that collects the work of Arts et Métiers ParisTech researchers and makes it freely available over the web where possible. 
Introduction
Friction coefficient, which is sometimes necessary (to walk, hold an object, brake, etc.), is harmful in most cases. In particular, the friction coefficient, determines the efficiency of machine components and the power loss in contact. For example, in the automotive industry, the reduction of friction in the engine would reduce fuel consumption, thereby reducing the emissions of greenhouse gases. Thus, determining the appropriate friction is as important as determining the film thickness in the contact, and is an important research subject. Several studies have been conducted to determine laws for predicting the film thickness. The film thickness can be accurately determined by the famous Dowson and Higginson law [1] as well as the Hamrock and Dowson formula [2] , for smooth surfaces. With the development of numerical and experimental tools, several studies have also made progress in understanding the effects of surface roughness on the film thickness [3] [4] [5] . However, studies on the development of the laws of friction predictions are very few in comparison to the impressive number of studies conducted on film thickness. The complexity of lubricant behavior in a high-pressure region (in the contact area), and the difficulty to incorporate non-Newtonian law in a numerical model for point or elliptical contacts could be the possible reasons for the small number of studies on friction laws. However, some studies [6] [7] [8] [9] used the nonNewtonian rheological behavior in line contact. Nevertheless, friction has been vaguely studied, while there has not been any attempt to study the friction laws. The studies conducted by Evans and Johnson [10] and Olver and Spikes [11] have provided clues regarding the characteristic parameters for determining the friction. One of the few attempts to determine a predictive friction law was proposed by Jacod [12, 13] . A general friction prediction law was defined for smooth isothermal elliptic contact using numerical simulation. The authors assumed the Eyring non-Newtonian behavior and limiting shear stress models for the lubricant. The friction results on a single generalized curve, which relates the friction to a shear stress. Thus, the authors conclude that a unifying mechanism governed the friction in EHL contacts [12, 13] . Most of the above mentioned studies have been conducted for ideally smooth surfaces.
However, micro-surface geometry or roughness was found to be one of the major factors affecting the friction coefficient. Nevertheless, progress in friction reduction has been limited by the difficulty in understanding the mechanism of roughness effects on friction, even though it is a crucial task for the industry (in particular, the automotive industry).
Considerable effort has been made for several years to understand the role of surface topography on friction. There are two approaches for studying the influence of surface roughness in the flow of the lubricant: the stochastic and the deterministic approach. The first approach is based on probabilistic considerations. Indeed, the roughness is taken into account in the Reynolds equation by flow factors [14] [15] [16] . The second approach takes into account the roughness in the equation of the film thickness. However, the numerical solution in this case requires the use of a very fine mesh. Thus, the study was limited mainly to point or line contacts. The first studies were devoted to simple geometries by modeling a single asperity [17] or a sinusoidal profile with specific amplitude and wavelength [18] [19] [20] . Based on this approach, the effect of reducing the amplitude of roughness has been studied. The results help to define dimensionless parameters governing the amplitude reduction [21, 22] , and draw a curve quantifying the magnitude of deformations [23] [24] [25] . In recent times, the research conducted by Rich and Villechaise [26] noted that surface waviness had a more significant impact on pressure distribution than on the peak valley amplitude. Another approach, based on the principle of homogenization has also been used to study the influence of roughness on the lubricated contact. This method uses multiple scales. Originally proposed by Elrod [27] , the method has been further studied by several authors [28] [29] [30] [31] . The analysis is based on the description of simplified surface profiles, for example of periodic patterns, thereby making it 4 suitable for the study of textured surfaces. However, this technique was limited to the study of simple parameters like shape, orientation, density of pattern and anisotropy of surface texture on film thickness and pressure distributions [32] [33] [34] [35] [36] . Thus, the friction coefficient is rarely studied and real surfaces are used infrequently owing to their complexity. However, some authors [37, 38] used real surfaces to study the friction coefficient. They studied the friction reduction by the effect of lubricant additives [37] . They also examined the influence of different surface patterns on the friction change during the transition from EHL to boundary lubrication [38] . The authors of the present study commenced the research by focusing on the influence of surface roughness on the friction coefficient [39, 40] . They examined the influence of the fractal dimension of surfaces [39] . The surfaces are obtained by virtual texturing methods. In another work, the same authors studied the influence of the groove texture patterns [40] on the friction coefficient. Finally, Jacod [13] attempted to define a friction predicting law, but not for a real surface. He used simple surfaces with longitudinal roughness to provide a general formula for predicting the changes in friction in comparison to the smooth surfaces. This formula depends on the wavelength and a parameter characterizing the response of the contact pressure variations [13] . There are very few researches that have contributed to the study of friction for real surfaces, in particular, the study of the influence of each scale of surface on friction.
The present study is aimed at understanding the influence of the roughness scale on the friction coefficient by means of numerical simulations in EHL point contacts. The NonNewtonian rheological model was used in the simulation. The real surface is decomposed in different roughness scale by multi-scale decomposition based on ridgelets transform. Each component was taken into account in the film thickness equations. The numerical model uses the finite difference method. This model enables predicting the film thickness, pressure distribution and friction coefficient for full-film EHL lubrication.
Description of the elastohydrodynamic model
A numerical model was developed to estimate the friction generated between rough surfaces.
The model considered the real topography of the surfaces. The scope of this model is to qualitatively predict the friction coefficient obtained when the groove characteristics of surfaces are varied. The aim of this prediction is to optimize the friction performance.
Elastohydrodynamic equations
The generalized Reynolds' equation introduced by Najji [41] has been used to estimate the pressure distribution, film thickness, and the friction coefficient. This equation has the advantage of not being restricted to a particular non-Newtonian law.
The following dimensionless variables are used in the generalized Reynolds' equation:
The resulting steady state equation in the dimensionless form is given by:
where
The effective viscosities could be calculated as considering the shear-thinning effect (Eyring fluid):
with, ̅̅̅̅ , where, τ 0 is a reference shear stress and √ is the equivalent shear stress inside the lubricant film.
The lubricant's viscosity and density are assumed to depend on pressure. The Dowson and
Higginson formula [1] (Eq. 3) and Roelands law [42] (Eq. 4) were used:
where,  0 is the density at ambient pressure.
where, µ 0 is the viscosity at ambient pressure, p r is a constant equal to 1.96 x 10 8 , and z r is the pressure viscosity index.
Finally, the boundary condition P = 0 and the cavitation P(X,Y) ≥ 0 must be satisfied during the simulation.
The film thickness equation is given in dimensionless form by the following equation:
̅ ̅̅̅
Where, ̅̅̅ is the dimensionless height surface topography at each position (X,Y) and ̅ is the dimensionless surface deformation calculated by
The global force balance condition is given by: ∬
Numerical procedure
In order to obtain the film pressure distribution, the Reynolds equation was solved by the finite difference method. A second order accuracy was used with respect to both space and time [43] . The discretized equation was solved by the Jacobi line relaxation [44] . The fullscale mixed EHL approach developed by Hu and Zhu [45] was used in the present study. In this approach, they used a unified equation system and solution method for both lubricated area and asperity contact simultaneously. The idea is based on the concept that the system of equations (1 to 7) are applicable to entire solution domain, including the areas of asperity contact where h = 0. In order to accelerate the solution convergence The multi-grid method [44] was used. The elastic deformation calculation was conducted by using the Multi-LevelMulti-Integration [44] . At every iteration, the integral terms in the generalized Reynolds' equation were calculated using the solution obtained at the previous stage. A classical Newton-Raphson procedure was used to determine the shear stress and the effective viscosities. The solution domain was determined as and .
The computational grid covering the domain consisted of equally spaced 513x513 or 1025x1025 nodes. This correspond to a spatial mesh of dX = dY = 0.0078 (512x512) and dX = dY = 0.0039 (1024x1024), respectively. Using rough surfaces in EHL simulation could yield localized asperity contact pressure peaks usually higher than the average EHL pressure.
This results in high subsurface stress that exceeds the material yielding limit [46] . To limit the contact pressure, the elastic-perfectly plastic behavior of a material was approximately simulated by using a cut-off value for example the hardness of the material.
Model Validation
The present model for the mixed lubrication approach was compared to the sinusoidal wavy surface case used in Hu and Zhu's research [45] . It was observed that the same parameter and rolling velocity of 312,5 mms -1 were chosen. Fig. 1 depicts the pressure profile and the film thickness vs. X-axis. A good agreement was found between the two models.
To improve the precision of the calculations, the amplitude reduction predictions for each of their scales (this parameter is described in section 3 and 4) are done and give in a table. The ratio between the deformed amplitude A d and initial amplitude A i is calculated and compared to the relation done in [23] and value in [47] . Table 1 shows this comparison. is a dimensional wavelength parameter which represents ratio between wavelength of the waviness and the operating conditions of the contact. Values from our simulation are in agreement with those of [23] and [47] . This test confirmed the validity of the model presented in the study. 
Multiscale surface roughness characterization
The multi-scale characterization of engineering surfaces is pertinent to describe the surface features and irregularities at various wavelengths that compose the surface. The surface data was split into different frequency components and then characterized at each individual scale [48] [49] [50] [51] [52] . Wavelets are a kind of mathematical function that split data into different frequency components, and then study each surface component with a resolution matched to its scale.
Wavelets present advantages over the traditional methods in analyzing physical situations, in particular where the signal contains discontinuities and sharp spike-like surface roughness irregularities.
The honed surface texture mainly consists of two sets of straight, approximately parallel grooves placed stochastically, which appear at different angles to the cylinder axis. Thus, the ridgelets transform was used in the present study instead of the bi-dimensional continuous wavelets transform, as the former is more effective in representing linear surface patterns [51] . Herein, the 1D continuous wavelets transform were applied on the projections of the Radon transform R f of the surface data [53, 54] . The continuous ridgelets transform of function   fx is defined as [54] :
Where, the ridgelet   
In the present study, the "Morlet 1D" wavelet is used in a simpler form as   
Results and discussions
The plateau honed surface was digitized with an optical interferometer apparatus. The obtained surface was decomposed at different scales using the Ridgelet transform resulting into five surface components (Fig. 2) . The lower scale corresponds to finer surface irregularity (Figure 2 f) . The values (1.92 mm, 0.96mm, 0.48mm, 0.24mm and 0.12mm) represent the value of the scale parameter associated to each surface component. This scale parameter can be interpreted as a pseudo-wavelength. The sum of these five surfaces (Fig. 2b-f ) reconstructs perfectly the original plateau-honed surface (Fig. 2a) . 
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To study the scale effect of surface topography, a low scale was successively removed from the analyzed honed surface. This generates various surfaces with different finer roughness scale respectively 1.92, 0.96, 0.48, 0.24, 0.12 mm (Fig. 3) . Fig.3a is the original surfaces whereas fig 3b-e are original surface with one scale removed (for example, Fig3.b = Fig 3a -Fig. 2b) . Generated surfaces were used as the input into the simulations via the film thickness equation (Eq. 5). Several conditions were used for evaluating the contact parameters. The total friction µ f in mixed lubrication is evaluated by summing up the boundary friction contributed by the contacted areas and the traction in the hydrodynamic regions:
where, τ c is the shear stress between the contacting asperities at contact zone Ω c. τ x is the shear stress of hydrodynamic films within the lubricated zone Ω ch . τ c is considered to be the shear stress of the boundary film which occurs when the local film thickness is less than 5 nm in the present study. Hence τ c can be determined by the Rabinowicz formula [56] :
√ Where, τ s0 is the initial shear strength of the boundary film. γ s is the pressure coefficient corresponding to the friction coefficient in boundary lubrication. In the present study γ s and τ s0 are equal to 0.1 and 2 MPa, respectively [38] . If the local film thickness is equal to zero, solid-to-solid contacts occur and the friction coefficient is assumed to be constant. It is equal to 0.25 in the present study. Finally, the mean in time of friction coefficient is presented in this work. Figure 4 depicts the evolution of friction coefficient as a function of finer roughness scale parameters for u 1 = 2m.s -1 . Evolution of the friction coefficient is quite different depending on the normal force. For 10N, the friction coefficient is low for a low scale (rough surfaces) and increases when the scale parameters increase (surface becomes less irregular). This small value of the friction coefficient justifies the full elastohydrodynamic (EHD) regime. For 40N, the friction coefficient is low for small value of scale (rough surface), then it increases when the scale increase until reaching a maximum value for the penultimate level. Finally, the friction coefficient decrease at the highest scale (smooth surface). Two transitions in friction 13 coefficient are observed when scale decreases: the first one, transition from full-film to mixed lubrication (friction coefficient is over 0.1), the second one, transition from mixed lubrication to full-film. For 100 N the coefficient of friction shows a tendency similar but higher value than to 40N. The friction coefficient increase until a maximum value and decrease. Two transitions are also observed. However, the transition from mixed lubrication to full film (fiction coefficient less than 0.1) occurs à smaller scale than for 40N. To explain this evolution, the contact load ratio is studied. This represents the ratio between asperities contact area and the total contact area. 0% means full-film lubrication whereas 100% represents dry contact. The Fig. 5 depicts the contact load ratio in percent as a function of the scale. The friction increases with the contact load ratio. These results are in agreement with the fact that the coefficient of friction is sensitive to asperity area fraction [33] . For 10 N, the contact load ratio is relatively small. The finer roughness scale plays a benefic rule.
Indeed, the friction coefficient is relatively high for smooth surfaces represented by a high scale, whereas for a low scale, the friction coefficient is small. The addition of small surface scales is characterized by an increase of asperities. The small asperities could produce micro-14 hydrodynamic bearing, which generates additional hydrodynamic pressure to increase the load carrying capacity and improve the friction coefficient. This mechanism occurs at 0.96 mm scale. For 40N, the contact load ratio increase to a relatively high value and decrease after the addition of 0.96mm scale. The value corresponds to the scale at which the transition occurs. Micro-roughness has a beneficial rule. For 100N, the same behavior is observed (two transitions). However, transition from mixed lubrication to full-film occurs at 0.48mm scale.
We can, nevertheless, considered 0.96mm scale as transition value. Indeed, an improvement is observed on friction coefficient in this scale (Fig. 4) . According to the results, there exists a scale at which roughness becomes beneficial for a given load. For this case, the 0.96 mm scale is benefic. The degradation of friction coefficient between 1.92 and 0.96 mm scale is probably due to the addition of asperities. These asperities are large enough to "break" the lubricant resulting in a mixed lubrication. For the fine scale (second transition), asperities is characterized by small size (micro-roughness). These micro-roughnesses generate microhydrodynamique bearing increasing the load carrying capacity. Such additional load improves the friction coefficient. To understand if the benefic rule of roughness is observed always at the same scale, a more severe case was used. A velocity of 0.5m.s -1 is used for the same load. This change of behaviour of friction as well as the contact load ratio could be explained by micro-hydrodynamic bearing, which generates additional hydrodynamic pressure to increase the load carrying capacity. The finer surface irregularities could improve the friction coefficient for a relatively severe contact (high load, low velocity). Thus, the use in honing process of finer abrasive grits -to generate finer surface irregularities-,will have a beneficial effect on the friction, as demonstrated in [57] . For relatively high velocity more roughness scale are activated and multi-scale surface texture have more importance on the friction.
For an in-depth study of the effect of finer scale on the friction coefficient at severe contact conditions, the rough surface must be acquired at higher resolution and decomposed into more roughness scale. In addition, simulation can be done with more severe contact conditions, which would be the subject of future research.
Conclusions
The present study is aimed at understanding the influence of the roughness scale on the friction coefficient by means of numerical simulations in lubricated point contacts. For this purpose, a numerical simulation using surfaces with different roughness wavelength bandwidths were done. These surfaces were obtained from an original surface decomposed at different scales from waviness to roughness by a multi-scale Ridgelet transform. The following conclusions can be drawn from the results: For a relatively high velocity, the friction coefficient increase and decreases at a given scale for all load. However, for relatively high load (40 and 100N), a transition from full film to mixed lubrication occurred. The fine roughness scale improves the friction coefficient event at mixed lubrication. This improvement occurs at scale 0.96 mm whatever the load.
This could be explained by the micro-hydrodynamic bearing, which generates additional hydrodynamic pressure to increase the load carrying capacity.
For a relatively low velocity, the friction coefficient increase when scale decrease to attain mixed lubrication value: transition from full-film and the mixed lubrication is also shown for moderate load. For high load (100N), lubrication transits from full-film to mixed (scale from 1.92mm to 0.96mm) and from mixed to boundary (scale from 0.96mm to 0.48mm). However, at fine scale (ie 0.48mm) the friction coefficient is improved. Again, fine roughness scale improves the lubrication.
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